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MODULES OF INFINITE REGULARITY OVER COMMUTATIVE
GRADED RINGS
LUIGI FERRARO
Abstract. In this work, we prove that if a graded, commutative algebra R
over a field k is not Koszul then, denoting by m the maximal homogeneous
ideal of R and by M a finitely generated graded R-module, the nonzero mod-
ules of the form mM have infinite Castelnuovo-Mumford regularity. We also
prove that over complete intersections which are not Koszul, a nonzero direct
summand of a syzygy of k has infinite regularity. Finally, we relate the van-
ishing of the graded deviations of R to having a nonzero direct summand of a
syzygy of k of finite regularity.
Introduction
Let k[x1, . . . , xe] be a polynomial ring with coefficients in a field k, graded
by setting deg xi = di ≥ 1, and throughout the paper R will denote the ring
k[x1, . . . , xe]/I where I is a homogeneous ideal. We denote by m the maximal ho-
mogeneous ideal of R. The size of a minimal free resolution of a graded R-module
M is measured by its graded Betti numbers βi,j(M) = rankk Ext
i,j
R (M,k). In-
variants arising from the Betti numbers of M are its projective dimension and its
Castelnuovo-Mumford regularity. In [4], Avramov and Eisenbud prove that the reg-
ularity of k is finite if and only if the regularity of every finitely generated module
is finite. The main goal of this paper is to construct finitely generated modules
of infinite regularity, provided that the regularity of k is also infinite. As a result
these modules can be used as “test modules” to test if k, and therefore all finitely
generated modules, have finite regularity.
In [3], Avramov proves that if (Q, n) is a local commutative ring andM a tightly
embeddable Q-module (see the beginning of Section 1 for the definition of tightly
embeddable modules in the graded setting) then M has infinite projective dimen-
sion, provided that Q is not regular. Avramov achieves this result by proving an
inequality of formal power series involving the Poincare´ series of the residue field
of Q and the Poincare´ series of M . Examples of tightly embeddable modules are
modules of the form nL for some finitely generated Q-module L. In Section 1 of
this article, we prove a graded version of this result. In Theorem 1.8 we prove an
inequality of formal power series involving the bigraded Poincare´ series of k and
the bigraded Poincare´ series of a tightly embeddable module. As a corollary of
this theorem we prove that tightly embeddable modules have infinite regularity,
provided that the regularity of k is also infinite. This also gives a way to test if the
regularity of k is finite using tightly embeddable modules. In particular if a nonzero
R-module of the form mL, with L a graded and finitely generated R-module, has
finite regularity then so does k.
In Section 2, we prove that if R is a complete intersection then there is an
inequality involving the bigraded Poincare´ series of k and the bigraded Poincare´
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series of nonzero direct summands of syzygies of k, and more generally of modules
satisfying a technical hypothesis. As a consequence we deduce that ifR is a complete
intersection and the regularity of k is infinite, then any nonzero summand of a
syzygy of k has infinite regularity. We ask whether or not these results hold true
if one removes the complete intersection hypothesis. In an attempt to remove the
complete intersection hypothesis, we study, in the third section of this paper, the
relation between the vanishing of the graded deviations of R, denoted by εi,j(R),
and the existence of a homomorphic image of a syzygy of k with finite regularity.
We prove, under a technical hypothesis, that if a homomorphic image of a syzygy
of k has finite regularity, then the graded deviations of R, εi,j(R), are 0 if i ≫ 0
and i 6= j. We raise the question whether or not if εi,j(R) = 0 for i≫ 0 and i 6= j,
then εi,j(R) = 0 for i ≥ 3 and i 6= j. In an attempt to answer this question we
show that if d is an even integer larger or equal to 4 and εi,j(R) = 0 for i ≥ d and
i 6= j then εi,j(R) = 0 for i ≥ d− 1 and i 6= j.
1. Tightly embeddable modules
In this section we construct a class of modules, that have infinite regularity
provided that k has infinite regularity.
Definition. Let M be a graded R-module. We say that M is tightly embeddable if
there exists a finitely generated graded R-module L such that
mM & mL ⊆M ⊆ L.
In this case, M ⊆ L is a tight embedding.
1.1. It follows from Nakayama’s Lemma that if L is finitely generated, then miL ⊆
m
i−1L is a tight embedding for each i ≥ 1 such that miL is not zero.
Motivated by the results in [3], we explore the relation between tightly embed-
dable modules and regularity.
We establish the convention that if V is a graded k-vector space then V j = V−j :
1.2. The Hilbert series of a graded k-vector space V is
HV (s) =
∑
j
rankk Vjs
j .
If V is a bigraded k-vector space such that for any fixed i there are only finitely
many non zero Vi,j , then the Hilbert series of V is
HV (s, t) =
∑
i,j
rankk Vi,js
jti ∈ Z[s±1][[t]].
1.3. The bigraded Poincare´ series of a finitely generated graded R-module M is
PRM (s, t) =
∑
i,j
βRi,j(M)s
jti ∈ Z[s±1][[t]],
where i is the homological degree and j is the internal degree.
1.4. Let
∑
i
ait
i and
∑
i
bit
i be formal power series in Z[[t]]. If ai ≤ bi for every i,
then we write ∑
i
ait
i 
∑
i
bit
i
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or ∑
i
bit
i 
∑
i
ait
i.
1.5. If A is a graded k-algebra and X is a graded A-module, then the sth shift
of X is the graded A-module (ΣsX)i = X i−s. Here, the A-action is defined as
a · x = (−1)|a|sax, where |a| denotes the degree of a. We denote Σ1X by ΣX .
Remark 1.6. In accordance with a bigraded version of Gulliksen and Levin [6], the
algebra ExtR(k, k) is a (bi-)graded Hopf k-algebra. This algebra is the universal
enveloping algebra of a (bi-)graded Lie algebra pi∗, (R) where the first degree is
homological and the second is the internal degree. This follows from bigraded
versions of the theorems in [8, (5.18)] (characteristic 0), [1, Theorem 17] (positive
odd characteristic) [9, Theorem 2] (characteristic 2).
Notation 1.7. We denote by E the algebra ExtR(k, k). For every R-module M ,
we denote by E(M) the left E-module ExtR(M,k). If X is an R-module, then we
denote by X∨ the module HomR(X, k), we point out that if X is annihilated by
m then HomR(X, k) = Homk(X, k). These notations will be used throughout the
paper.
The following theorem is a graded version of [3, Lemma 6] and has a similar
proof.
Theorem 1.8. If M ⊆ L is a tight embedding, then, with V = mL
mM
, there exists a
coefficient-wise inequality
HV (s)P
R
k (s, t)  P
R
M (s, t)
e∏
i=1
(1 + sdit).
Proof. We set the following notation
M =M/mM, L = L/mL,
N = L/M, W = L/mM.
Consider the following commutative diagram
(1.8.1) 0 // M //

L //

N // 0
0 // M // W // N // 0
This induces a commutative diagram of homomorphisms of bigraded left E-modules.
(1.8.2) E(L) // E(M)
ð
// ΣE(N)
E(W ) //
OO
E(M)
OO
δ
// ΣE(N),
where ð and δ are connecting homomorphisms.
As m annihilates M and N , there are natural isomorphisms E(M) ∼= E ⊗k M
∨
and E(N) ∼= E ⊗k N
∨. Let K denote the universal enveloping algebra of pi≥2,∗(R).
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Consider the following commutative diagram
E(M)
δ
// ΣE(N)
M
∨ δ0
//
OO
E1 ⊗k N
∨
OO
where the vertical maps are natural injective maps. Fix the k-basis
µ1, . . . , µm of M
∨
, ν1, . . . , νq of N
∨, ξ1, . . . , ξe of E
1.
The map δ is E-linear and so is also K-linear. Hence, if ε ∈ E
δ(ε⊗ µh) = εδ
0(µh) = Σi,jai,j,hεξj ⊗ νi
where
δ0(µh) = Σi,jai,j,hξj ⊗ νi with ai,j,h ∈ k.
By the Poincare´-Birkhoff-Witt theorem, E is a free K-module with basis
(1.8.3) {ξj1 · · · ξjk}j1<···<jk .
Hence, E(N) is a free K-module with basis
(1.8.4) {ξj1 · · · ξjk ⊗ νi}j1<···<jk,i.
If κ ∈ K, then
δ(κ⊗ µh) = Σi,jai,j,hκξj ⊗ νi.
This means that as a K-module Im δ|K⊗kM
∨ is generated by the elements δ0(µh).
We can change the basis of M
∨
such that the coordinate vectors of
δ0(µ1), . . . , δ
0(µm′),
with respect to the basis (1.8.4), are linearly independent over k and
δ0(µm′+1), . . . , δ
0(µm)
are all zero. Because the elements ξj ⊗ νi are part of a K-basis of E(N) we deduce
that δ0(µ1), . . . , δ
0(µm′) are linearly independent over K.
As a result
Im δ|K⊗kM
∨ = K ⊗k Im δ
0.
This means that E(N) contains a copy of K⊗k Im δ
0, and based on the commu-
tativity of the diagram (1.8.2), this gives
HE(M)(s, t)  HK⊗kIm δ0(s, t) = HK(s, t)HIm δ0(s).
According to (1.8.3), there is an equality of formal power series
HK(s, t) =
HE(s, t)
H∧ E1(s, t)
.
Because E1 ∼= (m/m2)∨ and HX∨(s) = HX(s
−1) for every R-module X annihilated
by m, we deduce
H∧ E1(s, t) =
e∏
i=1
(1 + s−dit).
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Now, consider the following chain of equalities of Hilbert series
HIm δ0(s) = HM∨(s)−HW∨(s) +HN∨(s)
= HM (s
−1)−HW∨(s) +HN (s
−1)
= HW (s
−1)−HW∨(s)
= HV (s
−1) +HL(s
−1)−HW∨(s)
= HV (s
−1).
The first equality follows from the exact sequence in cohomology induced by the
second row in (1.8.1), i.e.,
0→ N∨ →W∨ →M
∨
→ Im δ0 → 0,
the second equality follows from the already mentioned fact thatHX∨(s) = HX(s
−1)
for every graded R-module X annihilated by m. The third equality follows from
the second row in (1.8.1), the fourth equality follows from
0→ V →W → L→ 0,
and the last equality follows from HW∨(s) = HL(s
−1), indeed
HomR(W,k) ∼= HomR(W,Homk(k, k))
∼= Homk(L, k),
where the second isomorphism comes from adjunction, thereforeHW∨(s) = HL∨(s) =
HL(s
−1).
Holistically we obtain
HE(M)(s, t)  HK⊗kIm δ0(s, t)
= HK(s, t)HIm δ0(s, t)
=
HE(s, t)∏e
i=1(1 + s
−dit)
HV (s
−1).
Now, we observe that
HE(M)(s, t) = P
R
M (s
−1, t) and HE(s, t) = P
R
k (s
−1, t).
Hence, we obtain
PRM (s
−1, t) 
PRk (s
−1, t)∏e
i=1(1 + s
−dit)
HV (s
−1),
and replacing s−1 with s, we obtain the desired inequality. 
Let M be a finitely generated graded R-module. The Castelnuovo-Mumford
regularity of M is
regM = sup{j − i | βi,j(M) 6= 0}.
Definition. A ringR isKoszul if the algebra ExtR(k, k) is generated by Ext
1,
R (k, k).
According to [5], if reg k <∞, then reg k = Σi(di − 1); this result can happen if
and only if R is Koszul.
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Lemma 1.9. Let
P (s, t) =
∑
i,j
ai,js
jti ∈ Z[s±1][[t]], Q(s, t) =
∑
i,j
bi,js
jti ∈ Z[s±1][[t]],
with ai,j , bi,j ≥ 0 for all i, j. Let
P (s, t)Q(s, t) =
∑
i,j
ci,js
jti.
(1) If ai,j = 0 for j − i > r1 and bi,j = 0 for j − i > r2, then ci,j = 0 for
j − i > r1 + r2.
(2) If ai,j = 0 for j − i > r1, a0,r1 6= 0 and ci,j = 0 for j − i > r2, then bi,j = 0
for j − i > r2 − r1.
Proof. (1) By the definition of product in the ring Z[s±1][[t]] the coefficients
ci,j are given by the formula
ci,j =
∑
p,q
ap,qbi−p,j−q.
If q − p > r1 then ap,qbi−p,j−q = 0. If q− p ≤ r1 (and j − i > r1 + r2) then
j− q− (i−p) = j− i− (q−p) ≥ j− i− r1 > r1+ r2− r1 = r2 and therefore
ap,qbi−p,j−q = 0. This shows that if j − i > r1 + r2 then ci,j = 0.
(2) As before the following equality holds for all i, j
ci,j+r1 =
∑
p,q
ap,qbi−p,j+r1−q.
If j − i > r2 − r1 then ci,j+r1 = 0, therefore ap,qbi−p,j+r1−q = 0 for all p, q.
In particular a0,r1bi,j = 0 and, since a0,r1 6= 0, we deduce that bi,j = 0.

Definition. If V is a finite dimensional graded k-vector space then end V is the
largest j such that Vj 6= 0.
Corollary 1.10. If M is a tightly embeddable module and regM < ∞, then R is
Koszul.
Proof. Set r := regM . If regM <∞, then βRi,j(M) = 0 for j − i > r. If
∑
i,j
ai,js
jti = PRM (s, t)
e∏
i=1
(1 + sdit),
then, by Lemma 1.9(1), ai,j = 0 for j − i > r +
∑e
i=1 di. Set a tight embedding
M ⊆ L and denote mL/mM by V , by Theorem 1.8 if
∑
i,j
ci,js
jti = HV (s)P
R
k (s, t),
then ci,j = 0 if j− i > r+
∑e
i=1 di. Because V 6= 0 we deduce, using Lemma 1.9(2),
that βRi,j(k) = 0 if j−i > r−end V +
∑e
i=1 di, which is equivalent to reg k <∞. 
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2. Direct summands of syzygies of the residue field
In this section, we prove that nonzero direct summands of syzygies of k have
infinite regularity if R is a complete intersection that is not Koszul. Special homo-
logical properties of this class of modules were already noticed in [3, 7, 10].
Remark 2.1. We point out that if R is a complete intersection then R is Koszul if
and only if I is generated by quadrics.
Theorem 2.2. If R is a complete intersection, M = Ωmk with m ≥ 1, β : M → N
is an R-module homomorphism of finitely generated graded R-modules such that for
some n, the map induced by β, βn : ExtnR(N, k)→ Ext
n
R(M,k) is not zero, then for
some b ∈ Z, there is a coefficient-wise inequality
sbPRk (s, t)  P
R
ΩnN (s, t)
e∏
i=1
(1 + sdit).
Proof. We set the following notation
N ′ = ΩnN, N
′
= N ′/mN ′, M ′ = Ωm+nk.
Let pi be the canonical projection N ′ → N ′/mN ′ and β′ be a morphism M ′ → N ′
obtained by extending β to a morphism of free resolutions.
Let ξ denote the composed map
ξ∗ : E ⊗k (N
′
)∨ ∼= E(N
′
)
pi∗
−→ E(N ′)
β′∗
−−→ E(M ′)
α∗
−−→ Σm+nE≥m+n, ,
where α∗ is an iterated connecting homomorphism, and hence is an isomorphism.
By construction, ξ0 6= 0 since pi0, α0 6= 0 and (β′)0 = βn 6= 0.
As a result of the Poincare´-Birkhoff-Witt Theorem, E ∼= K⊗k
∧
E1 as (bi-)graded
left K-modules, if R is a complete intersection, then pii, (R) = 0 if i ≥ 3 (see for
example, [2, Theorem 7.3.3 and Theorem 10.1.2] and the references given there).
Because pii, (R) = 0 if i ≥ 3, K is a polynomial ring. Hence, Im ξ∗ is a torsion-free
K-module (because E≥m+n, is a submodule of a free module over the polynomial
ring K). As a result, any nonzero element in the image of ξ0 generates a copy of K
in Im ξ∗, whose internal degree might be shifted by some b ∈ Z. It follows that
HE(N ′)(s, t)  s
bHK(s, t) = s
b HE(s, t)∏e
i=1(1 + s
−dit)
.
Now, we conclude as in Theorem 1.8. 
Corollary 2.3. Let R be a complete intersection with reg k = ∞. For any n ≥ 0,
each nonzero direct summand of Ωnk has infinite regularity.
We raise the following question: can the complete intersection hypothesis be
removed from Theorem 2.2? More specifically:
Question 2.4. If β : Ωmk → N is an R-module homomorphism of finitely generated
graded R-modules such that for some n the map
βn : ExtnR(N, k)→ Ext
n
R(Ω
mk, k)
is not zero and N has finite regularity, then is R Koszul?
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3. On the vanishing of the graded deviations
In this section, we relate Question 2.4 and the vanishing of the graded deviations
of R. Let R〈X〉 be an acyclic closure of k (see [2, 6.3] for the definition). Over
graded rings, we require the differential of the acyclic closure to be a homogeneous
map. For the differential to be homogeneous, we must give the elements of X an
internal grading, making X a bigraded set.
Definition. The (i, j)th graded deviation of R is
εi,j(R) := Card(Xi,j),
where Xi,j is the set of variables in the acyclic closure of homological degree i and
internal degree j.
Theorem 3.1. If M = Ωmk for m ≥ 1 and β : M → N is a homomorphism of
finitely generated graded R-modules such that for some n, the map induced by β,
βn : ExtnR(N, k)→ Ext
n
R(M,k)
is not zero and regN <∞, then εi,j(R) = 0 for i > m+ n and i 6= j.
Proof. We set the following notation
N ′ = ΩnN, N
′
= N ′/mN ′, M ′ = Ωm+nk.
Let pi be the canonical projection N ′ → N ′/mN ′ and β′ be a morphism M ′ → N ′
obtained by extending β to a morphism of free resolutions. Let V be the universal
enveloping algebra of pi>m+n, (R). Let ξ∗ denote the composed map
ξ∗ : E(N
′
)
pi∗
−→ E(N ′)
β′∗
−−→ E(M ′)
α∗
−−→ Σm+nE≥m+n, .
Consider the following commutative diagram
E(N
′
)
ξ∗
// Σm+nE≥m+n,
(N
′
)∨
OO
ξ0
// Em+n,
OO
Let θ1, . . . , θp be a k-basis of pi
<m+n, (R) with |θ1| ≤ · · · ≤ |θp|. By the Poincare´-
Birkhoff-Witt theorem, a V-basis of E≥m+n, is given by
(3.1.1) {θ
(i1)
1 · · · θ
(ip)
p | ij ≤ 1 if |θj | odd ,
∑
j
ij |θj | ≥ m+ n}.
The V-module Im ξ∗|V⊗k(N
′
)∨ is generated by the elements ξ
0(νh), where
ν1, . . . , νq
is a k-basis of (N
′
)∨. We set
ξ0(νh) =
∑
ai1,...,ipθ
(i1)
1 · · · θ
(ip)
p , ai1,...,ip ∈ k.
We can change the basis of (N
′
)∨ so that the coordinate vectors of
ξ0(ν1), . . . , ξ
0(νq′ ),
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with respect to the basis (3.1.1), are linearly independent over k and
ξ0(νq′+1), . . . , ξ
0(νq)
are all zero. Because the elements θ
(i1)
1 · · · θ
(ip)
p form a basis of E≥m+n, over V , we
deduce that ξ0(ν1), . . . , ξ
0(νq′ ) are also linearly independent over V .
Therefore
Im ξ∗|V⊗k(N
′
)∨ = V ⊗ Im ξ
0.
This means that Im ξ∗ contains a copy of V and by the construction of ξ∗ so
does E(N ′).
Now, we recall that by [2, Theorem 10.2.1] dimk pi
i,j(R) = εi,j(R).
If there is an even i > m + n such that εi,j(R) 6= 0 and i 6= j, then there is a
nonzero element x ∈ pii,j(R). The powers of x belong to V . However, a copy of
V is contained in E(N ′). Because bideg x = (i, j), then bideg x(l) = (li, lj) and
lj − li = l(j − i) goes to ∞ as l goes to ∞. This implies that regN ′ =∞, which is
a contradiction.
If there are infinitely many i with i > m+ n, i odd, i 6= 0, and εi,j(R) 6= 0, then
there are infinitely many nonzero xt with t = 1, 2, . . . belonging to pi
it,jt(R). The
products x1x2 · · ·xs belong to V . However, a copy of V is contained in E(N
′). The
bidegree of this product is
bideg x1x2 · · ·xs = (i1 + i2 + · · ·+ is, j1 + j2 + · · ·+ js),
and because jt − it ≥ 1 for every t, the following inequality holds
j1 + j2 + · · ·+ js − (i1 + i2 + · · ·+ is) ≥ s,
and as s goes to ∞, we obtain regN ′ =∞, which is a contradiction.
Now, we assume that εi,j(R) 6= 0 for finitely many i with i > m + n, i odd,
and i 6= j. Let R〈X〉 be the acyclic closure of k. We denote by |.| the homological
degree of a homogeneous element in the acyclic closure and by deg its internal
degree and we say that a homogeneous element x is off-diagonal if |x| 6= deg x. We
can choose a homogeneous element y ∈ X that is of odd degree, off-diagonal, and
of maximal homological degree. We claim that A = R〈X\{y}〉 is a DG subalgebra
of the acyclic closure. Indeed, if x˜1, . . . , x˜r, y are all the odd elements and off-
diagonal, then, by [5, Lemma 7], R〈X\{x˜1, . . . , x˜r, y}〉 is a DG subalgebra of the
acyclic closure. To prove that A is a DG subalgebra it suffices to prove that if
x ∈ X\{y}, then the differential of x belongs to A. If x 6= x˜1, . . . , x˜r then this is
true because R〈X\{x˜1, . . . , x˜r, y}〉 is a DG algebra, if x = x˜t for some t = 1, . . . , r
then the variable y cannot appear in the differential of x since, by maximality,
|y| ≥ |x|, therefore in all cases the differential of x belongs to A and hence A is a
DG subalgebra of the acyclic closure. Since A is a DG algebra, the acyclic closure
of k can be written as A〈y〉, implying (by [5, Lemma 6]) that |y| = 1, which is a
contradiction because m ≥ 1. 
Proposition 3.2. Let d ≥ 4 be an even number. If εi,j(R) = 0 for i ≥ d and i 6= j,
then εi,j(R) = 0 for i ≥ d− 1 and i 6= j.
Proof. Let R〈X〉 be an acyclic closure of k, and let ∂ be its differential. Let y be an
element of X of homological degree d− 1, we need to prove that deg y = d− 1. We
assume that y appears in a boundary of a (bi)homogeneous element x with |x| ≥ d
∂x = a+ rwy, a, w ∈ R〈X\{y}〉, r ∈ m,
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where R〈X\{y}〉 is just a subalgebra of the acyclic closure and not a DG subalgebra,
and r is in m because of the minimality of the acyclic closure.
The following string of (in)equalities is observed
degw + deg y = deg(wy)
≥ |wy|
= |x| − 1 = deg x− 1
= degw + deg y + deg r − 1
≥ degw + deg y,
where deg r ≥ 1 since r ∈ m and di ≥ 1 for all i = 1, . . . , e.
We deduce that
degw + deg y = |w|+ |y|.
If deg y > |y|, then degw < |w|, which is not possible; hence, deg y = |y|.
If y does not appear in the boundary of any element, then we can write the
acyclic closure as A〈y〉 with A = R〈X\{y}〉, and by [5, Lemma 6] |y| = 1, hence
d = 2, which is not possible. 
We set εi(R) = Σjεi,j(R). It is known that if εi(R) = 0 for i≫ 0, then εi(R) = 0
for i ≥ 3, see [2, Theorem 7.3.3]. Motivated by this and by the previous proposition,
we raise the following question
Question 3.3. If εi,j(R) = 0 when i ≫ 0 and i 6= j, is it true that εi,j(R) = 0
when i ≥ 3 and i 6= j?
By [2, Theorem 7.3.3] and [2, Theorem 7.3.2],
1) εi(R) = 0 for i ≥ 2 if and only if R is regular, and
2) εi(R) = 0 for i ≥ 3 if and only if R is a complete intersection.
By [5, Theorem 2], if εi,j(R) = 0 when i ≥ 2 and i 6= j, then the ring R is of the
form Q ⊗k S with Q regular and S a standard graded Koszul ring. Motivated by
these results, we raise the following question
Question 3.4. If εi,j(R) = 0 when i ≥ 3 and i 6= j, then is the ring R of the form
Q⊗k S with Q a complete intersection and S a standard graded Koszul ring?
Acknowledgements
The author would like to thank his advisors L. Avramov and S. Iyengar for
helpful conversations.
References
[1] M. Andre´, Hopf algebras with divided powers, J. Algebra 18 1971 19-50.
[2] L. L. Avramov, Infinite free resolutions, Six Lectures on Commutative Algebra (Bellaterra,
1996), Progr. Math. 166, Birkha¨user, Basel, 1998; pp. 1–118.
[3] L. L. Avramov Modules with extremal resolutions, Math. Res. Lett. 3 (1996), 319-328.
[4] L. L. Avramov, D. Eisenbud, Regularity of modules over a Koszul algebra, J. Algebra 153
(1992), no. 1, 85-90.
[5] L. L. Avramov, I. Peeva, Finite regularity and Koszul algebras, Amer. J. Math. 123 (2001),
275–281
[6] T. H. Gulliksen, G. Levin, Homology of local rings, Queens Papers Pure Appl. Math. 20,
Queens Univ., Kingston, ON (1969).
[7] A. Martsinkovsky, A remarkable property of the (co) syzygy modules of the residue field of a
nonregular local ring, J. Pure Appl. Algebra 110 (1996), no. 1, 9-13.
MODULES OF INFINITE REGULARITY OVER COMMUTATIVE GRADED RINGS 11
[8] J. W. Milnor, J. C. Moore, On the structure of Hopf algebras, Ann. of Math. (2) 81 1965
211-264.
[9] G. Sjo¨din, Hopf algebras and derivations, J. Algebra 64 (1980), no. 1, 218-229.
[10] R. Takahashi, Syzygy modules with semidualizing or G-projective summands, J. Algebra 295
(2006), no. 1, 179-194.
